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An elasto-plastic critical state framework for 
unsaturated soil 

S. J. WHEELER* and V. SIVAKUMAR* 

Data from a series of controlled suction triaxial 
tests on samples of compacted speswhite kaolin 
were used in the development of an elasto-plastic 
critical state framework for unsaturated soil. The 
framework is defined in terms of four state vari- 
ables: mean net stress, deviator stress, suction and 
specific volume. Included within the proposed 
framework are an isotropic normal compression 
hyperline, a critical state byperline and a state 
boundary hypersurface. For states that lie inside 
the state boundary hypersurface the soil behaviour 
is assumed to be elastic, with movement over the 
state boundary hypersurface corresponding to 
expansion of a yield surface in stress space. The 
pattern of swelling and collapse observed during 
wetting, the elastic-plastic compression behaviour 
during isotropic loading and the increase of shear 
strength with suction were all related to the shape 
of the yield surface and the hardening law defined 
by the form of the state boundary. By assuming 
that constant-suction cross-sections of the yield 
surface were elliptical it was possible to predict test 
paths for different types of triaxial shear test that 
showed good agreement with observed behaviour. 
The development of shear strain was also predicted 
with reasonable success, by assuming an associated 
flow rule. 

KEYWORDS: clays; compaction; constitutive relations; 
fabric/structure of soils; laboratory tests; partial satura- 
tion. 

Les donn&es obtenues dans une sBrie d’essais tri- 
axiaux i suction contri%e sur des &hantillons de 
kaolin speswbite compa&s ont servi au d&veloppe- 
ment d’un modele blastoplastique 1 I%tat critique 
pour les sols non sat&s. Ce Modile est dBfini par 
quatre variables d’ktat: la contrainte moyenne, le 
dCviateur des contraintes, la suction et le volume 
sp&fique. 11 inclue les hyperlignes des compres- 
sions normales isotropes et des Ctats critiques et 
l’hypersurface d’Ctat. Pour lea etats situ&s dans 
I’hypersurface d’btat, le comportement du sol est 
suppoti blastique. Tout dbplacement au dessus de 
cette surface correspond $ une expansion de la 
surface limite dans I’espace des contraintes. Les 
gonflements et effondrements observes lors de 
I’humidification, le comportement Blastoplastique 
en compression lors des chargements isotropes et 
l’augmentation de la r&stance au cisaillement 
avec la suction, ont tous Cti corr&s avec la forme 
de la surface limite ainsi qu’avec la loi de consoli- 
dation dkfinie par la forme de la surface d’ktat. Si 
I’on suppose que les intersections suction 
constante-surface limite sent elliptiques, il est pos- 
sible de calculer, pour diffkrents types d’essais de 
cisaillement triaxiaux, des chemins qui se r&lent 
en bon accord avec les comportements observks. En 
choisissant une loi d’kcoulement approprike, le dk- 
veloppement des dkformations en cisaillement a 
igalement &tc! pridit de manike fiable. 

BACKGROUND 
Unsaturated soils occur widely in the form of 
compacted fills and natural soils above the water 
table. As a result there are many problems of geo- 
technical analysis or design where an understand- 
ing of the mechanical behaviour of unsaturated 
soil is important. 

Jennings & Burland (1962) and many sub- 
sequent authors have shown that the volume 
change and shear strength of unsaturated soil 
cannot be related to a single effective stress. 

Manuscript received 7 July 1993; accepted 20 December 
1993. 
Discussion on this Paper closes 1 June 1995; for further 
details see p. ii. 
* University of Oxford. 

35 

Instead, the total stress c, pore-air pressure u, 
and pore-water pressure u, must be combined in 
two independent stress tensors, typically chosen 
as the net stress D - u, and the matrix suction 
u, - u, (Bishop & Blight, 1963; Fredlund & 
Morgenstern, 1977). There are numerous exam- 
ples in the literature in which either the volu- 
metric behaviour or the shear strength of 
unsaturated soil has been related to these two 
stress parameters (see, for example, Matyas & 
Radhakrishna, 1968; Fredlund, Morgenstern & 
Widger, 1978). 

In saturated soil mechanics the important links 
between volume change and shear strength have 
been appreciated for many years, and generalized 
constitutive models based on critical state theory 
are now well established. Only recently, however, 
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have concerted efforts been made to develop cor- 
responding generalized constitutive models for 
unsaturated soil (Alonso, Gens & Hight, 1987; 
Alonso, Gens & Josa, 1990; Wheeler & Sivaku- 
mar, 1993). 

Alonso et al. (1990) proposed a critical state 
framework for unsaturated soil involving four 
state variables: mean net stress p, deviator stress 
q, suction s and specific volume v, where q and v 
were defined in the normal way and p and s were 
given by 

p = @I + 02 + 03) _ u 
3 B (1) 

s=u,-u w (2) 

Included in the proposed critical state frame- 
work is an isotropic normal compression hyper- 
line, representing soil states when isotropically 
loaded to virgin conditions. The term hyperline is 
used here to describe a locus of states defined 
within a four-dimensional mathematical space by 
two independent equations. The two equations 
defining the isotropic normal compression hyper- 
line take the general form 

q=o (3) 

a = f,(P, s) (4) 

Also postulated within the critical state frame- 
work is a critical state hyperline (representing soil 
states when sheared to ultimate or critical 
conditions), defined by a second pair of equations 

4 = f&T s) (5) 

0 = f,(P, s) (6) 

Finally, a section of state boundary hyper- 
surface, joining the critical state and normal com- 
pression hyperlines, can be postulated. This state 
boundary hypersurface would be defined by a 
single equation relating the four state variables 

v = f& 4, s) (7) 

The proposed critical state framework is an 
elasto-plastic form of constitutive model, with 
elastic behaviour when the soil state lies inside 
the state boundary hypersurface and plastic 
strains starting when the state boundary hyper- 
surface is reached. Plastic behaviour, as the soil 
state traverses the state boundary hypersurface, 
corresponds to expansion of a yield surface in p, 
q, s space (see Alonso et al., 1990). The general 
shape of the yield surface, shown in Fig. 1, 
enables several important features of unsaturated 
soil behaviour to be modelled, e.g. an increase of 
strength with suction and the possibility of col- 
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Fig. 1. Yield surface for unsaturated soil 

lapse (irrecoverable volumetric compression) on 
wetting (reduction of suction). 

Figure 1 shows that, for soil initially at a stress 
state A inside the current position of the yield 
surface, yield can be produced by an increase of p 
(isotropic loading path ABC), an increase of q 
(shearing path ADE) a reduction of s (wetting 
path AFG), or by changing p, q and s simulta- 
neously in any suitable fashion. The plastic 
volume change is taken as the hardening param- 
eter, so that the plastic volumetric compression 
that occurs on section FG of the wetting path is 
identical to that which occurs on section BC of 
the isotropic loading path or section DE of the 
shearing path if all three paths produce the same 
expansion of the yield surface. 

A full description of the deformation of an 
element of unsaturated soil requires specification 
of the volumetric strain (calculated directly from 
the change of the state variable v), the shear strain 
(calculated from an elastic shear modulus G and a 
suitable flow rule) and the change of water 
content w. In two earlier papers (Wheeler & Siva- 
kumar, 1992, 1993) the Authors employed water 
content w as a fifth state variable, but it now 
seems possible that plastic changes of w should be 
calculated by the application of a flow rule 
(analogous to shear strain ~3 instead of treating w 
as a state variable (analogous to v). In addition, 
specific water volume v, (the volume of water 
plus solids in a volume of soil containing a unit 
volume of solids), defined by 

v,=l+S,e=l+wG, (8) 

is now considered preferable to w as the param- 
eter describing the amount of water within a soil 
element, for two reasons 

(a) v, tends to the state variable v as degree of 
saturation S, approaches unity (this is very 
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useful in the formulation of a complete consti- 
tutive model) 

(b) the strain increment -&,,./v is correctly 
associated with suction s to give a component 
of work input per unit volume of soil (just as 
the volumetric strain increment -6v/u and 
the shear strain increment BE, are associated 
with p and q respectively in the work 
expression). 

EXPERIMENTAL PROCEDURE 

A series of 29 triaxial tests was performed on 
samples of unsaturated compacted speswhite 
kaolin in an attempt to validate several features 
of the proposed critical state framework. The test 
programme is described by Sivakumar (1993). 

Triaxial samples, 50 mm in diameter and 100 
mm high, were prepared by compaction in a 
mould at a water content of 25% (4% less than 
the optimum from the standard Proctor compac- 
tion test). All samples were compacted in nine 
layers, with each layer statically compacted in a 
compression frame at a fixed displacement rate of 
1.5 mm/min to a vertical total stress of 400 kPa. 
This procedure corresponded to a compactive 
effort considerably less than the standard Proctor 
dynamic compaction test and resulted in a dry 
density of 1.20 Mg/m3, a specific volume of 2.21 
and a degree of saturation of 54%. The intention 
was to produce samples with a low value of yield 
stress, so that it was relatively easy subsequently 
to consolidate them to a virgin state. All samples 
were compacted in an identical fashion, in order 
to produce the same initial soil fabric in every 
test. 

Tests were conducted in two double-walled tri- 
axial cells designed for measuring the volume 
change of unsaturated soil samples (Wheeler, 
1988). Pore-water pressure u, was applied or 
measured at the base of the sample by way of a 
porous filter with an air entry value of 500 kPa. 
Values of pore-water pressure were maintained 
above atmospheric, using the axis translation 
principle proposed by Hilf (1956). Pore-air pres- 
sure u, was applied at the top of the sample by 
way of a filter with a low air entry value. The cell 
pressure u3, pore-water pressure u, and pore-air 
pressure u, were each controlled independently by 
stepper motors operating regulators on a com- 
pressed air supply. The stepper motors were oper- 
ated by a computerized control and logging 
system which enabled any required stress path to 
be followed, while simultaneously logging not 
only cell pressure, pore-water pressure and pore- 
air pressure, but also deviator load, axial dis- 
placement, sample volume change and flow of 
water from the sample (see Wheeler & Sivakumar 
(1993) for further details). 

Equalization stage 
The first phase of each test, after setting up of 

the sample in the triaxial cell, consisted of an 
equalization stage during which the sample was 
brought to a mean net stress p of 50 kPa and a 
suction of 100 kPa, 200 kPa or 300 kPa. This was 
achieved by applying a water back-pressure of 50 
kPa to the base of the sample, an air back- 
pressure of 150 kPa, 250 kPa or 350 kPa to the 
top of the sample, and a cell pressure of 200 kPa, 
300 kPa or 400 kPa respectively. Five samples 
were prepared at a suction of 100 kPa, eleven at a 
suction of 200 kPa and four at a suction of 300 
kPa. 

Eight further compacted samples were brought 
to a saturated state at zero suction. In order to 
achieve full saturation of these samples during the 
equalization stage, the air back-pressure at the 
top of the sample was temporarily reduced to 35 
kPa (15 kPa less than the water back-pressure 
applied at the base of the sample), resulting in a 
steady upward flow of water through the sample 
by the end of the stage. As a result, the mean net 
stress at the end of equalization was 40 kPa at the 
top of the sample and 25 kPa at the bottom of 
the sample, giving an average value of 32.5 kPa 
(rather than the standard value of 50 kPa used in 
all other tests). The reason for choosing this lower 
average value of p was to try (unsuccessfully, as it 
transpired) to ensure that the yield stress induced 
by the initial compaction process could be 
observed in the subsequent consolidation stage, 
bearing in mind that the yield stress would be 
lowest at zero suction (see Fig. 1). At the end of 
equalization, when the sample was fully saturat- 
ed, the valve on the drainage line to the top of the 
sample (which was then filled with water) was 
closed, and the mean net stress subsequently fell 
to 25 kPa throughout the entire sample. The 
equalization stage of each test was terminated 
when the rate of change of specific water volume 
u, fell to less than O+IOl per day (typically after 
6-l 0 days). 

Ramped consolidation stage 
Following equalization, each sample was iso- 

tropically consolidated to a preselected value of p 
(typically 100, 150, 200, 250 or 300 kPa) by 
increasing the cell pressure at a rate of 0.6 kPa/h 
while holding constant both water back-pressure 
and air back-pressure (thus maintaining constant 
suction). The rate of increase of cell pressure was 
selected to give acceptable dissipation of excess 
pore-water pressure throughout the sample 
during ramped consolidation. On reaching the 
target value of p, a rest period of 24 h was 
allowed, to ensure complete dissipation of any 
excess pore-water pressure. The entire ramped 
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consolidation stage took 5-18 days, depending on 
the target value of p. 

Figure 2 shows the stress paths, plotted as 
suction s against mean net stress p, for the equal- 
ization and ramped consolidation stages. On 
initial setting up in the triaxial cell each sample 
was at point A, with the cell pressure and pore-air 
pressure both zero (resulting in p = 0) and a large 
negative value of pore-water pressure (a high 
value of suction) produced by the compaction 
process. On the application of the increments of 
cell pressure, air back-pressure and water back- 
pressure at the start of the equalization stage, the 
soil state moved to point B (or B, for the samples 
to be prepared to zero suction). At B or B, the 
pore-air pressure u, throughout the sample had 
equalized at the applied air back-pressure value, 
because of the high value of air permeability, but 
the pore-water pressure u, had not yet risen to 
the applied water back-pressure value, because of 
the relatively low value of water permeability. 
During the subsequent equalization stage the soil 
state moved to point C,, C,, C, or C,, with 
suction s falling while mean net stress p remained 
constant. Finally, in the ramped consolidation 
stage, p was increased to 100-300 kPa while s 
remained constant. 

Shearing stage 
On completion of ramped consolidation each 

sample was sheared in one of five different ways. 

(4 Constant v/constant s shearing. In these tests 
the computerized control system was used to 
increase u, and u, by equal amounts 
(maintaining constant suction) in such a way 
as to keep the sample volume constant 
during shearing. 

W Constant p/constant s shearing. In these tests 
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Fig. 2. Stress paths during equalization and ramped con- 
solidation stages 
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the control system was used to increase u, 
and u, by equal amounts (maintaining con- 
stant suction) in such a way as to keep the 
mean net stress constant during shearing. 
Fully drained/constant s shearing. In these 
tests u, and u, were both held constant 
(maintaining constant suction) during shear- 
ing. 
Constant v,/rising s shearing. In these tests u, 
was maintained constant but no drainage of 
the water phase was allowed, leading to a 
decrease in u, and hence an increase in s. 
Constant p/falling s shearing. In this single 
test u, was increased in such a way as to 
maintain constant p, while u, was increased 
at 1.5 times the rate of increase of u, (leading 
to a reduction in s). 

In all five types of shear stage the cell pressure o3 
was held constant. Test types C and D were the 
conventional forms of drained and undrained 
(constant water content) triaxial test commonly 
used in unsaturated soil testing; test types A, B 
and E were unique to this test programme. 

Shearing was conducted at a constant displace- 
ment rate that gave a time to failure of approx- 
imately 15 days, resulting in almost complete 
equalization of pore-water pressure throughout 
the sample at failure. The use of a constant dis- 
placement rate did, however, result in significant 
non-equalization of pore-water pressure in the 
early stages of shearing, particularly in the con- 
stant v/constant s tests (type A), in which the 
deviator stress reached almost 50% of the critical 
state value within the first 24 h. 

Of the total of 29 tests, one involved a sixth 
form of shearing that did not take the soil to a 
critical state (Sivakumar, 1993) and four were 
aborted (following a drop in the pressure supply 
or friction problems on the loading ram), leaving 
24 successful shear tests. 

BEHAVIOUR DURING WETTING 
AND COMPRESSION 
Equalization stage 

Figure 3 shows, for all tests, the change of spe- 
cific water volume v, that occurred during the 
equalization stage, plotted against the square root 
of time. In every case water flowed into the 
sample during equalization, suggesting that the 
suction present after compaction was greater than 
the highest value subsequently applied of 300 
kPa. The increase in specific water volume varied 
from about 0.07 when the applied suction was 
300 kPa to about 0.50 when samples were 
brought to a saturated state at zero suction. The 
shapes of the equalization curves shown in Fig. 3 
were very consistent, with the exception of three 



CRITICAL STATE FRAMEWORK FOR UNSATURATED SOIL 39 

0.6 

s=o 
0.5 - -----s = 100 kPa ,.,~_~.;iiiii::;,i”” 

: - --s=200kPa ;., ;;i”.. . . . . . . .“:: 

v - s = 300 kPa 
.,.‘~~ ,.......... ‘. 

z 
,..:,:.;>. :_. ,.:;$--.“’ 

1 0.4 - ,.:.~~-,:~ 

0 2 4 6 8 10 12 14 16 

Square root of time: \/h 

Fig. 3. Increase of specific water volume during equal- 
ization stage 

of the tests conducted at an applied suction of 
200 kPa, where there appeared to be a significant 
time-lag in the observed changes of specific water 
volume. These three tests were among the earliest 
performed, and the discrepancies may simply 
reflect unintentional variation in test procedure 
(e.g. incomplete de-aeration of the high air entry 
filter). 

Figure 4 shows the change of specific volume v 
that occurred during the equalization stage 
plotted against time. Each test started with an 
immediate reduction in specific volume of about 
0.01, corresponding to the rapid increment of 
mean net stress p from zero to 50 kPa (or 40 kPa 
for the samples to be brought to zero suction). 
This initial compression was followed in all tests 
by an increase in specific volume (of 0.015-0.03) 
as swelling took place due to the reduction in 
suction during equalization. In tests with an 
applied suction of zero or 100 kPa the swelling 
phase was followed by a reduction in volume 
(collapse) during the later part of equalization. 
This collapse phase was far more significant in 
the tests at zero suction than in those at 100 kPa 
(the reductions of specific volume were about 0.08 
and 0.01 respectively), and there was no evidence 
of collapse in the tests at suctions of 200 kPa and 
300 kPa. 

The behaviour observed during the equal- 
ization stage was consistent with the existence of 
a yield curve in the s, p plane (the intercept of the 
yield surface shown in Fig. 1 with the q = 0 
plane). This yield curve in the s, p plane was 
termed the loading-collapse (LC) yield curve by 
Alonso et al. (1990). Fig. 5 shows the stress paths 
adopted during the equalization stage and the 

-o.o2t- 1 ’ ’ ’ ’ 0 ’ ’ ’ ’ 1 
(C) 

-0-0712 

Time t: h 

Cd) 

Fig. 4. Change of specific volume during equalization 
stage: (a) s = 0; (b) s = 100 kPa; (c) s = 200 kPa; (d) 
s=3OOkPa 

approximate position of the LC yield curve pro- 
duced by the initial compaction process. Inside 
the yield curve the soil behaviour would be 
elastic, with an increase in p causing elastic com- 
pression and a decrease in s causing elastic swell- 
ing. If the yield curve were reached, a further 
increase in p or reduction in s would lead to 
expansion of the yield curve and a large com- 
ponent of plastic compression (collapse). Inspec- 
tion of Fig. 4 suggests that the LC yield curve in 
Fig. 5 passed outside points C, and C, (because 
no collapse occurred in the tests at s = 200 kPa 
or s = 300 kPa), just inside point C, (because a 
small amount of collapse was observed in tests 
with s = 100 kPa) and well inside point C, 
(because there was a large amount of collapse in 
tests with s = 0). 

To provide a physical explanation for the 
pattern of swelling and collapse observed during 
wetting it is necessary to consider the fabric of an 
unsaturated compacted clay. This fabric consists 
of saturated packets of clay (containing small, 
water-filled, intrapacket voids) which are separa- 
ted by large unsaturated interpacket voids. On 
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induce collapse, so that collapse will begin at 
higher and higher values of suction. Clearly, this 
explanation is entirely consistent with the shape 
of the LC yield curve in Fig. 5. At any given value 
of IJ - u,, collapse on wetting can be avoided if 
the macrostructure of saturated packets and large 
interpacket voids has already been brought by 
the previous stress history to a sufficiently stable 
state (as indicated by the low void ratio). This 
simply means that the LC yield curve has pre- 
viously been expanded to a position where it will 
not be intersected by the stress path on wetting. 
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Fig. 5. Yield curve inferred from equalization stage 
results 

wetting (reduction of s) under constant applied 
load, the increase of u, leads to a decrease in the 
local value of effective stress within the saturated 
packets, and hence wetting will always produce 
swelling of the individual packets. The resultant 
softening of the saturated packets may, however, 
be sufficient to cause slippage at the interpacket 
contact points, and lead to collapse of the macro- 
structural arrangement of packets into the large, 
partially air-filled, interpacket voids. This collapse 
process will not occur at low values of applied net 
stress 0 - u, , which the soil is able to carry 
without collapse even after softening of the inter- 
packet contacts. At high values of 0 - u, collapse 
will occur on wetting, and the higher the value of 
(T - u, the less softening will be required to 

Ramped consolidation and the normal compression 
hyperline 

The variation of specific volume u with mean 
net stress p during the ramped consolidation 
stage is shown in Fig. 6 (with p on a logarithmic 
scale). The curves presented in Fig. 6 are not 
quite perfect constant-suction consolidation plots, 
because of slight non-equalization of pore-water 
pressure u, throughout the samples during 
ramped consolidation. This point is demonstrated 
by the small vertical step at the end of each curve, 
corresponding to complete equalization of pore- 
water pressure to the water back-pressure value 
during the 24 h rest period at the end of ramped 
consolidation. 

For each test shown in Fig. 6 there was a clear 
yield point, identified by a marked change in 
slope of the continuous plot of specific volume 
against logarithm of mean net stress, and a yield 
value of p was calculated by using Casagrande’s 
graphical construction. These values of yield 
stress, which showed very little variation (about 
f5 kPa) at a given value of suction, are plotted 
in Fig. 7. The approximate position of the LC 

----s=lOOkPa 
2- - - s = 200 kPa 

- s = 300 kPa 
:.. 

I I I I 
25 50 100 200 400 

Mean net stress p: kPa 

Fig. 6. Variation of specific volume during ramped consolidation 
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yield curve produced by the initial compaction 
process is shown as a solid line in Fig. 7. This 
initial yield curve was drawn through the yield 
points at suctions of 200 kPa and 300 kPa, 
because there was no evidence of collapse during 
the equalization stage of these tests (suggesting 
that there was no expansion of the yield curve 
during equalization). The initial yield curve was, 
however, drawn inside the yield points identified 
during ramped consolidation at suctions of zero 
and 100 kPa, because the collapse that occurred 
during equalization in these tests suggested corre- 
sponding expansions of the curve (represented by 
the broken lines in Fig. 7). 

Further inspection of the ramped consolidation 
plots in Fig. 6 indicates that when the yield stress 
at a particular value of suction was exceeded, the 
soil state fell on an isotropic normal compression 
hyperline defined by a linear relationship 

u = N(s) - 44 ln (P/P,,) 
Atmospheric pressure pa, (taken as 100 kPa) is 
included as a reference pressure in equation (9), to 
make the expression dimensionally consistent and 
to ensure that the intercept N(s) refers to a value 
of p that falls within the range of experimental 
data. 

Both the slope L(s) and the intercept N(s) of the 
isotropic normal compression hyperline were 
found to be functions of suction, with best-fit 
values given in Table 1 for the four experimental 
values of suction. The values of 1(s) and N(s) 

50 100 
Mean net stress p: kPa 

Fig. 7. Yield points observed during ramped consoli- 
dation 

given in Table 1 were calculated by taking 
average values of slope and intercept from the 
tests that were taken to sufficiently high values of 
p to define properly the linear relationship of 
equation (9). For each value of suction there was 
relatively little scatter in the slope value L(s) 
(reflecting the high accuracy achieved in measur- 
ing the change of u during each test), whereas 
greater scatter was observed in the intercept value 
N(s) (reflecting the difficulty in measuring absol- 
ute values of u in the triaxial apparatus). 

Inspection of Table 1 and Fig. 6 shows that the 
intercept N(s) of the normal compression hyper- 
line increased with increasing suction, consistent 
with expected behaviour. The slope n(s) showed 
relatively little variation with s for suctions 
between 100 kPa and 300 kPa but a significant 
drop when s was reduced to zero. This variation 
of L(s) was not consistent with the proposals of 
Alonso et al. (1990), who proposed a monotonic 
decrease of L(s) with increasing suction, so that 
the normal compression lines for different values 
of suction diverged with increasing p. The behav- 
iour shown in Fig. 6 is, however, more consistent 
with a modified model (Josa, Balmaceda, Gens & 
Alonso, 1992), which predicted that normal com- 
pression lines for different values of suction would 
start to converge once a critical value of p 
(corresponding to the maximum collapse on 
wetting) was exceeded. Equation (9), when com- 
bined with the variation of N(s) and 1(s) with 
suction, provides the isotropic normal compres- 
sion hyperline relationship postulated in equation 
(4). 

The normal compression line for zero suction 
(saturated conditions) fell considerably below the 
corresponding normal compression line for satu- 
rated reconstituted kaolin, and the slope was also 
considerably less (see Fig. 6). This difference 
between saturated compacted kaolin and saturat- 
ed reconstituted kaolin indicated the significance 
of the soil fabric produced by the compaction 
process. 

The variation of specific water volume u, with 
mean net stress p during the ramped consoli- 
dation stage is shown in Fig. 8 (with p on a 
logarithmic scale). The tests conducted at zero 
suction (saturated conditions) showed the normal 
pattern of behaviour for saturated samples, 

Table 1. Values of soil parameters for compacted speswbite kaolin 
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Fig. 8. Variation of specific water volume during ramped 
consolidation 

whereas the tests conducted at suctions of 100 
kPa, 200 kPa or 300 kPa showed little change of 
specific water volume (less than 0.01) during 
ramped consolidation. In tests at suctions of 200 
kPa and 300 kPa a very small amount of water 
flowed into the samples, and in tests at a suction 
of 100 kPa a very small flow into the sample 
occurred initially, but the flow direction then 
reversed as the mean net stress increased. 

Defining the LC yield curve from the normal 
compression hyperline 

The shape of the LC yield curve can be related 
to the definition of the normal compression 
hyperline in equation (9), if the form of elastic 
behaviour inside the yield curve is also known. 

Consider the stress state moving from a point 
A on the yield curve at zero suction and mean net 
stress ~~(0) (see Fig. 9(a)) to a new position C 
further up the same yield curve at suction s and 
mean net stress pO, where p,, is the yield value of 
p under isotropic stress states (with zero deviator 
stress) at a general value of suction s, and p,,(O) is 
the value of p. at zero suction. If the stress state 
moves from A to C by following the elastic stress 
path ABC (Fig. 9(a)), the corresponding change of 
specific volume Au can be related to the stress 
changes by two elastic swelling indices K (defined 
in the normal way) and K, (as defined by Alonso 
et al. (1990), with atmospheric pressure p,, 
included to allow the relationship to be used 
down to zero suction) 

Au= -KSln(F)-Kln(--$) (10) 

In the absence of any information to the contrary, 
K and K, can be assumed to be independent of p 
and s. 
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Fig. 9. Derivation of LC yield curve equation 

As points A and C in Fig. 9(a) both lie on a 
yield curve, they correspond to virgin states and 
therefore each lies on the isotropic normal com- 
pression line for the appropriate value of suction 
(Fig. 9(b)). The normal compression hyperline 
relationship of equation (9) therefore gives an 
alternative expression for the change of specific 
volume between points A and C 

Au = N(s) - 1(s) In 
0 

k 
P.Tt 

(11) 

where N(0) and n(O) are the values of N(s) and 1(s) 
at zero suction (saturated conditions). Eliminating 
Au from equations (10) and (11) and then 
rearranging the resulting expression gives an 
equation for the shape of the LC yield curve 

PO (l(s) - K) In - 0 Pat 

+ N(s) - N(O) 

s + Pat +Ic,ln - ( > (12) 
Pat 

Equation (12) simplifies to the yield curve equa- 
tion presented by Alonso et al. (1990) if it is 
assumed (as was done implicitly in the formula- 
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tion of their model) that there exists a reference 
pressure pc at which the yield curve is a straight 
vertical line in the s-p plot. The elasto-plastic 
model developed here is therefore very similar to 
the model presented by Alonso et al. (1990); the 
two models simply take slightly different starting 
positions. Alonso et al. assumed a particular 
shape for the yield curve (a straight vertical line) 
at a value of p,(O) equal to their reference pres- 
sure pc. They also assumed forms for the elastic 
behaviour inside the yield curve and for the varia- 
tion with suction of the slope n(s) of the normal 
compression hyperline. These assumptions led 
explicitly to the shape of the yield curve on 
expansion to higher values of p,(O), and also led 
implicitly to the variation with suction of the 
intercept N(s) of the normal compression hyper- 
line. In contrast, the model developed in this 
Paper assumes that empirical variations of both 
J@(s) and N(s) with suction are given, together with 
the form of elastic behaviour inside the yield 
curve, and this results in equation (12), describing 
the shape of the yield curve for all possible values 
of p,,(O). An advantage of this approach over that 
presented by Alonso et al. (1990) is that it is easier 
and much more direct to measure experimental 
values of N(s) at a few different values of suction 
than it is to measure a value for the reference 
pressure pc (indeed, the basic assumption of 
Alonso et al. that there is a value of p,,(O) at which 
the yield curve is a straight vertical line has never 
been validated experimentally). 

Figure 10 shows the shape of the LC yield 
curve predicted by equation (12) and the expan- 
sion of the yield curve produced by increasing the 
value of p,,(O). In calculating the theoretical yield 
points presented in Fig. 10, values of N(s) and 1(s) 
were taken from Table 1. In addition, K was taken 
as 0.02 (on the basis of isotropic unloading and 
reloading tests performed on the same compacted 
speswhite kaolin) and IC, was also taken as 0.02 
(on the basis of the measured differences in swell- 
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Fig. 10. Predicted shape of LC yield curve 

ing during equalization of samples brought to 
suctions of 300 kPa and 200 kPa (Fig. 4)). The 
predicted shapes of the yield curve were, however, 
very insensitive to the assumed values of K and 
KS. 

Also shown in Fig. 10 are the experimental 
yield points from the consolidation stage of each 
test (transferred from Fig. 7). The yield points 
measured during the tests at suctions of 200 kPa 
and 300 kPa, defining the initial position of the 
yield curve produced by the compaction process, 
lie close to the theoretical yield curve predicted 
from equation (12) with ~~(0) = 18 kPa. The yield 
points measured during the tests at a suction of 
100 kPa lie on a slightly expanded yield curve, 
with p,,(O) = 23 kPa, consistent with the small 
amount of collapse observed during the equal- 
ization stage (see Fig. 7). The yield points mea- 
sured during the tests at zero suction lie on a 
considerably expanded yield curve, corresponding 
to a p,,(O) value of about 46 kPa, consistent with 
the major collapse observed during the equal- 
ization stage. 

The component of plastic compression 
(collapse) during wetting (the equalization stage) 
can be predicted from the corresponding expan- 
sion of the LC yield curve, defined by the increase 
of PO(O) 

-Aup = CA(O) - ~1 In (PdOMPdOh) (13) 

where p,,(O), and p,(O), are initial and final values 
of p&O). The plastic reductions of u during wetting 
predicted by equation (13) are 0.03 and 0.10 for 
the tests at suctions of 100 kPa and zero respec- 
tively. These predicted plastic reductions of u 
agree well with the measured values of total col- 
lapse of 0.01 and 0.08 respectively, bearing in 
mind that the plastic reduction of u would be par- 
tially offset by a simultaneous component of 
elastic swelling. This is a significant result, indi- 
cating that the swelling and collapse behaviour 
observed during wetting (the equalization stage) 
was predictable from apparently independent 
measurements of the position and slope of the 
normal compression hyperline. This confirms the 
assumption, first made by Alonso et al. (1987), 
that the phenomenon of collapse on wetting is 
essentially the same process as the plastic com- 
pression that occurs on isotropic loading beyond 
the yield point. This correspondence can be 
explained physically by the fact that both pro- 
cesses consist of an irrecoverable rearrangement 
of the macrostructure of saturated clay packets 
and large interpacket voids to a lower void ratio. 

The theoretical yield curves shown in Fig. 10 
are almost straight lines for suctions up to 200 
kPa. With further expansion the theoretical yield 
curve becomes concave at low values of suction. 
The model of Alonso et al. (1990) also included 
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this undesirable possibility of the LC yield curve 
becoming concave at low values of suction, and 
these authors subsequently published a modified 
form of the model (Josa et al., 1992) partly to 
avoid this problem. 

SHEARING AND THE CRITICAL STATES 

Stress-strain curves 
Figure 11 shows stress and strain data for the 

shear stages of five typical tests, covering the five 
test types (A-E). The letter after each test number 
in Fig. 11 denotes the type of test. Corresponding 
plots for the complete set of tests are given by 
Sivakumar (1993). 

The axial strain to failure varied with the test 
type, ranging from about 10% for constant v/ 
constant s shearing (type A) to over 30% for fully 
drained/constant s shearing (type C). For most 
tests the deviator stress-axial strain curve 
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Fig. 11. Typical stress-strain curves 

increased monotonically to an asymptotic value, 
with no evidence of any peak in the curve, and 
the sample failed by barrelling in a plastic fashion 
rather by the formation of a distinct failure plane. 
The exceptions to this pattern of behaviour were 
the fully drained/constant s tests (type C) con- 
ducted at zero suction (saturated samples). In 
these tests each sample failed on a distinct slip 
plane and there was a drop in deviator stress after 
a peak value was attained. It was unclear whether 
initiation of the slip plane coincided with the 
peak deviator stress or occurred at a higher 
strain. This meant that there was some uncer- 
tainty as to whether the post-peak reduction of 
deviator stress represented a fall towards a critical 
state value or towards a (lower) post-rupture 
value (with very high localized strains in the 
region of the slip plane). 

On termination of each test of type A, B, C or 
E the four state variables (p, q, s and v) had stabil- 
ized (see Fig. 1 l(a)-(c)), indicating attainment of a 
critical state (consistent with the basic assump- 
tion, already stated, of purely volumetric 
hardening). Specific water volume v, was, 
however, still varying at the end of each test (see 
Fig. 11(d)). The total change of v, during any 
given shear stage was relatively small, but the rate 
of change of v, on termination of a test was typi- 
cally little less than the rate at the start of shear- 
ing. As v, did not stabilize at a critical state 
value, this suggested that v, should not be treated 
as a fifth state variable but that plastic changes of 
v, should be calculated by an appropriate flow 
rule (analogous to shear strain E,). Alternatively, it 
was possible that v, did not stabilize simply 
because the tests were conducted too fast and 
excess (negative) pore-water pressures were still 
present within the sample. Unfortunately, because 
of practical constraints, no measurements of pore- 
water pressure were made on the top (water 
undrained) face of the sample to confirm directly 
that satisfactory equalization of pore-water pres- 
sure throughout the sample had been achieved. 

Assuming proper equalization of pore-water 
pressure throughout the sample, the continued 
increase of v, when the soil reached a critical 
state must have been solely a plastic component 
because, by definition, there can have been no 
further elastic changes of v, when the stresses sta- 
bilized at the critical state. A consequence of this 
continued plastic variation of v, was that in the 
shear tests where v, was held constant (type D) 
the soil did not reach a true critical state, with the 
pore-water pressure a, still falling, and hence s 
still rising, at the end of the tests (test 27D in Fig. 
11(b)). Presumably this continued increase in s in 
type D tests was required to produce an elastic 
decrease in v, sufficient to cancel the plastic 
increase in 0,. 
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Test paths 
Figure 12 shows test paths (q-p and G-P, with p 

on a logarithmic scale in the latter) from eight 
constant-suction shear tests (types A, B and C) 
conducted at a suction of 200 kPa. The solid data 
points in Fig. 12 correspond to the critical states 
achieved at the end of shearing, and the data can 
be seen to define a unique critical state line for a 
suction of 200 kPa, independent of the type of 
test path to the critical state. Test paths for the 
type A, B and C tests at other values of suction 
are given by Sivakumar (1993) and these show 
unique critical state lines for each value of 
suction. 

Critical state hyperline 
Figures 13 and 14 show critical state values of 

q and u respectively plotted against p (with p on a 
logarithmic scale in Fig. 14) for constant-suction 
shear tests performed at the four different values 
of suction. The critical state hyperline defined 
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Fig. 12. Test paths for constant-suction shear tests con- 
ducted at s = 200 kPa 

by the data presented in Figs 13 and 14 can be 
represented by 

4 = M(s)p + !J(s) (14) 

r = Us) - ti(s) ln WP,,) (15) 

The parameters M(s), p(s), F(s) and $(s) all varied 
with suction, and best-fit values are given in 
Table 1. Equations (14) and (15) are therefore the 
two critical state hyperline relationships postu- 
lated in equations (5) and (6). 

The critical state values of q from tests at s = 0 
shown in Fig. 13 corresponded to final values 
achieved after a post-peak reduction. As already 
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described, there was a possibility that the peak 
values of deviator stress were a more accurate 
representation of critical states, with the fall in 
deviator stress after the peak representing a 
reduction to a post-rupture value following the 
formation of a slip plane. If peak values of devi- 
ator stress had been assumed to represent critical 
states, this would have led to a higher value of 
M(s) in equation (14) for the test series at s = 0. 
Under these circumstances the variation of M(s) 
with suction would have been relatively minor 
(see Table l), and it could well have been accept- 
able to assume a constant slope M, independent 
of suction, for the critical state hyperline. This 
assumption of constant M, which was made by 
Alonso et al. (1990) in the development of their 
critical state model, would be equivalent to a con- 
stant value of 4’ in the conventional shear 
strength equation for unsaturated soil presented 
by Fredlund et al. (1978) 

T = c‘ + (a - u,) tan 4 + (u, - UJ tan f#? 
(16) 

The intercept p(s) in equation (14) varied with 
suction in a non-linear fashion (see Table 1). This 
non-linear variation of p(s) with suction was 
equivalent to variation of the value of 4b with 
suction in the conventional shear strength expres- 
sion, consistent with the experimental data pre- 
sented by Escario & Saez (1986). 

Inspection of the critical state data shown in 
Fig. 14 suggested the possibility of curvature of 
the critical state lines of v plotted against the 
logarithm of p for each value of suction. However, 
in the absence of conclusive evidence to this 
effect, and in the interests of simplicity, the linear 
relationship of equation (15) was assumed. Com- 
parison of Figs 14 and 6, and inspection of Table 
1 show that the slope $(s) of the critical state 
hyperline was less than the slope n(s) of the 
normal compression hyperline at suctions of zero, 
100 kPa and 200 kPa (with the greatest difference 
between $(s) and L(s) at 100 kPa), whereas It/(s) 
was greater than L(s) at a suction of 300 kPa. The 
anomalous position of the critical state hyperline 
at s = 0 suggests the possibility of a discontinuity 
in behaviour at the transition from unsaturated 
to saturated conditions. The shapes of the critical 
state lines shown in Fig. 14 were not consistent 
with the model of Alonso et al. (1990), which pre- 
dicted that the critical state lines for each value of 
suction would be curved (convex upwards) with a 
slope that tended to L(s) at high values of mean 
net stress. 

The critical state hyperline for zero suction 
(saturated conditions) fell considerably below the 
corresponding critical state line for saturated 
reconstituted kaolin in Fig. 14, indicating the sig- 
nificance of the compaction-induced soil fabric 

even after shearing to critical states. Clearly this 
introduces doubt as to whether or not true criti- 
cal states were attained, given the normal expec- 
tation that a critical state corresponds to a 
condition where the soil structure is being contin- 
uously destroyed. A possible explanation, postu- 
lated by Sivakumar (1993), for this apparent 
discrepancy is that the unsaturated macrostruc- 
ture of the soil (consisting of the arrangement of 
saturated clay packets and the large unsaturated 
interpacket voids) reached a critical state condi- 
tion, whereas the heavily overconsolidated satu- 
rated microstructure of individual packets did 
not. 

Figure 15 shows final values of specific water 
volume u, achieved in the constant-suction shear 
tests (types A, B and C). It is important to note 
that v, was still changing when the soil reached a 
critical state, and the data presented in Fig. 15 are 
simply the last values of u, recorded in each test. 
Despite this caveat, it can be seen that the data in 
Fig. 15 fit well-defined lines for each value of 
suction. This suggests that, even if v, is not 
strictly a state variable, it may be possible to use 
a pseudo-critical state relationship for v, to give 
an approximate prediction of the change in u, on 
shearing to a critical state. 

Variable suction tests 
Equations (14) and (15), derived from the 

constant-suction shear tests, were used to predict 
critical state values of s, q and D for the single 
constant p/falling s shear test (test 30E). This 
involved combining the critical state relationships 
(equations (14) and (15)) with the relevant test 
conditions and the initial state of the sample at 
the start of shearing. Values of M(s), p(s), T(s) and 
Ii/(s) for intermediate values of suction were esti- 
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mated by linear interpolation between the values 
listed in Table 1. The agreement between predict- 
ed and measured critical state values of s, q and u 
for test 30E, shown in Fig. 16, was pleasing and 
provided evidence of the uniqueness of the pro- 
posed critical state relationships (independent of 
the stress path to the critical state). 

Also shown in Fig. 16 are the predicted and 
measured critical state values of s, q and II for the 
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Fig. 16. Predicted against measured critical state values: 
(a) suction; (b) deviator stress; (c) specific volume for 
variable-suction tests 

three constant v,,,/rising s tests (type D). However, 
these were not true critical state values, because s 
was still rising sharply at the end of each test (the 
measured values of s shown in Fig. 16(a) were 
simply the final values when the tests were 
terminated). In order to predict the critical state 
values of s, q and u for these type D tests, in 
which the variation of s was a consequence of 
holding u, constant, it was necessary to use the 
pseudo-critical state relationship for v, (defined 
by the data presented in Fig. 15) in addition to 
the true critical state relationships of equations 
(14) and (15). The agreement between predicted 
and measured critical state values of s, q and v for 
the type D tests, shown in Fig. 16, confirms not 
only the uniqueness of the critical state relation- 
ships of equations (14) and (15) but also the use- 
fulness of an approximate critical state 
relationship for u, . 

STATE BOUNDARY HYPERSURFACE 
Evidence of unique state boundary 

An objective of the experimental research was 
to investigate whether or not all shear test paths 
traversed a unique state boundary hypersurface 
defined by an expression of the form given in 
equation (7). 

The solid lines in Fig. 17 show plots of q 
against p from the four constant v/constant s 
shear tests (type A) conducted at a suction of 200 
kPa (transferred from Fig. 12(a)). Also shown in 
Fig. 17 (broken lines) are constant u contours 
constructed by joining appropriate data points 
from the two constant p/constant s shear tests 
(type B) and the two fully drained/constant s 
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Fig. 17. Specific volume contours at a suction of 
200 kPa 
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shear tests (type C) conducted at a suction of 200 
kPa. Inspection of the individual data points in 
Fig. 17 shows a high level of consistency between 
the values of u from the constant p tests and the 
fully drained tests (types B and C). Comparison of 
the constant v contours (broken lines) with the 
test paths from the constant u tests (solid lines) 
shows slightly less consistency, but still a reason- 
able level of agreement. The differences between 
the constant u contours and the test paths from 
the constant u tests could represent a slight lack 
of uniqueness in the proposed state boundary. 
The differences could, however, have been caused 
simply by the significant non-equalization of 
pore-water pressure during the constant u tests 
(because of the rapid increase of-deviator stress 
during the early part of shearing). 

Data from constant-suction shear tests (types 
A, B and C) conducted at suctions of zero, 100 
kPa and 300 kPa showed a similar pattern, with 
reasonable agreement between test paths from 
constant u tests and constant u contours con- 
structed from constant p and fully drained tests 
(see Sivakumar, 1993). This indicated, to a first 
approximation at least, the existence of a unique 
state boundary relationship of the form given in 
equation (7). 

Proposed form for state boundary relationship 
If the soil behaviour inside the state boundary 

hypersurface is assumed to be elastic, any point 
on the state boundary is also on a yield surface in 
q, p, s space. Fig. 18(a) shows a constant-suction 

cross-section of such a yield surface (a yield curve 
in the q, p plane). The yield curve forms the top of 
a constant-suction elastic wall extending upwards 
from a constant-suction swelling line in the u, p 
plane (Fig. 18(b)). The yield curve must therefore 
pass through points A and B, corresponding to 
the intersection of the elastic wall with the normal 
compression line for the relevant value of suction 
and the critical state line for the relevant value of 
suction. 

If the elastic swelling index K is assumed to be 
independent of suction, the value pO of the mean 
net stress at the intersection of the current yield 
curve with the isotropic normal compression line 
(point A) can be related to the current values of p, 
u and s at any general point C on the yield curve 

PO N(s) - 4s) In (P/P,,) - 0 
- = exp 

n(S) - K 1 (17) 
P 

Similarly, the value p, of the mean net stress at 
the intersection of the yield curve with the critical 
state line is given by 

k = exp Us) - +(s) In (P/PA - u 

+(s) - K 1 (18) 
P 

A shape must now be selected for the yield 
curve passing through point A (with co-ordinates 
n = P,,, (I = 0) and point B (with co-ordinates 
P=P,, 4 = i$s)p, < p(s)). The most obvious 
choice is an ellintical vield curve with the apex at 
B, equivalent td the modified cam clay model for 
saturated soil (Roscoe & Burland, 1968). If the 
ellipse is extended beyond B it will not pass 
through the origin in the q, p plane (see Fig. 
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Fig. 18. Constant-suction yield curves 
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18(a)), and the aspect ratio M, of the ellipse 
(which is a function of s and the current size of 
the yield surface) will be given by 

M = MHP, + As) 
* 

PO - P, 
(19) 

The elliptical yield curve passing through points 
A and B is defined by 

q2 = M*?Po - PXP + PO - 2PX) (20) 

With p. , p, and M, defined by equations (17)- 
(19) respectively, equation (20) forms a state 
boundary relationship of the type presented in 
equation (7). 

Prediction of test paths 
Using the state boundary relationship defined 

by equations (17)-(20), together with the test con- 
ditions and the initial state of the sample, it was 
possible to predict complete test paths (in q, p, u 
space) for the shear tests of types A, B, C and E. 
Full details of the incremental procedure used are 
given by Sivakumar (1993). It was not possible, at 
this stage, to predict test paths for the constant 
udrising s shear tests (type D) because of the 
absence of information on the relationships 
describing the variation of u,. 

The values of the relevant soil parameters used 
in predicting the various test paths are listed in 
Table 1. A constant value of 0.02 was used for the 
elastic swelling index K, although a sensitivity 
analysis showed that the predicted test paths were 
relatively insensitive to the value of K. 

To predict a test path it was necessary to calcu- 
late values for p. and p, for all points in a shear 
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test. In order to calculate p. and p, it was neces- 
sary, for substantial sections of many tests, to 
extend the normal compression line or the critical 
state line to values of p well outside the range of 
experimental data. Such extrapolation was clearly 
dangerous, and it was therefore decided to predict 
only the test paths for which the values of p. and 
p, could be calculated throughout the entire test 
with relatively little extrapolation of the normal 
compression line and the critical state line. 

Figure 19 shows the predicted tests paths and 
experimental tests paths for two constant u/ 
constant s tests (2A and 4A) conducted at a 
suction of 200 kPa. The discrepancies between 
predicted and experimental stress paths could 
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indicate that the assumption of elliptical 
constant-suction yield curves was inaccurate, or 
could have been due, at least in part, to non- 
equalization of pore-water pressure in these tests 
in which the deviator stress increased rapidly 
during the early part of shearing. 

Predicted and experimental test paths for a 
constant p/constant s test (6B) conducted at a 
suction of 200 kPa are given in Fig. 20. The test 
path is plotted in q,v space, because p remained 
constant during shearing. Fig. 21 shows predicted 
and experimental test paths for three fully 
drained/constant s tests (26C, 9C and 17C) con- 
ducted at suctions of zero, 200 kPa and 300 kPa 
respectively. In general, good agreement between 

26C 

- Experimental 

- Predicted 

0 0.2 0.4 0.6 

True shear strain 

Fig. 24. Comparison of predicted and experimental 
stressstrain carves for fully drained/constant-suction 
shear tests 

predicted and experimental stress paths was 
achieved for type B and C tests (Figs 20 and 21 
respectively), lending support to the assumption 
of elliptical constant-suction yield curves. The 
relatively poor fit at the start of tests 6B, 9C and, 
in particular, 17C was caused by the fact that in 
these tests the soil state at the end of ramped con- 
solidation was not quite on the normal compres- 
sion hyperline, because of the relatively low value 
of p (100 kPa in all three tests) and the rounding 
of the compression curve around the yield point 
(see Fig. 6). 

Overall, Figs 19-21 indicate a pleasing level of 
success in the prediction of test paths, (bearing in 
mind that the experimental tests were designed to 
provide high-quality critical state data, but in 
some cases were conducted too fast to provide 
high-quality test paths). 

Flow rule and prediction of shear strain 
An associated flow rule was adopted to predict 

the development of plastic shear strain during the 
constant-suction shear tests for which test paths 
had been predicted. Full details of the incremen- 
tal procedure employed are presented by Sivaku- 
mar (1993). Elastic components of shear strain 
were predicted by assuming a constant value for 
shear modulus G of 10 MPa (based on the 
average value of the initial slopes of the experi- 
mental stress-strain curves). In practice G prob- 
ably varied with both s and p, but the 
experimental data were considered insufficiently 
accurate at small strains to justify the assumption 
of a variable shear modulus. Such an assumption 
would, in addition, have required extra complex- 
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ity to ensure that any closed stress path resulted 
in no permanent elastic shear strain. 

Figures 22-24 show the predicted and mea- 
sured deviator stress against true shear strain 
curves for type A, B and C tests respectively. The 
agreement between predicted and measured 
stress-strain curves was excellent for the single 
type B test (Fig. 23), less good for the type C tests 
(Fig. 24) and worst for the type A tests (Fig. 22). 
The theoretical model did, however, predict cor- 
rectly that the shear strains required to approach 
failure were greatest for type C tests and least for 
type A tests. 

It might have been possible to improve the 
agreement between predicted and observed 
stress-strain curves by using a non-associated 
flow rule or by including plastic components of 
shear strain even when inside the state boundary 
(Roscoe & Burland, 1968). This degree of com- 
plexity was considered unjustified, however, given 
the uncertainties in the quality of the experimen- 
tal data at small strains (because axial strains 
were measured external to the triaxial cell and 
because of the possibility of non-equalization of 
pore-water pressures in the early stages of 
shearing). 

CONCLUSIONS 
The data from the series of controlled-suction 

triaxial tests on samples of compacted speswhite 
kaolin provide strong evidence to support the 
proposed elasto-plastic critical state framework 
for unsaturated soil. 

The pattern of swelling and collapse observed 
during wetting (reduction of s) was consistent 
with the existence of an LC yield curve in s,p 
space, as was the compression observed during 
isotropic loading (increase of p). On isotropic 
loading to virgin conditions the soil state reached 
a unique isotropic normal compression hyperline, 
defined by equation (9). The shape of the LC yield 
curve derived from the normal compression 
hyperline relationship was entirely consistent with 
the pattern of elasto-plastic behaviour observed 
during wetting and loading. 

On shearing, using a variety of different stress 
paths, the soil state ultimately attained a critical 
state hyperline defined by equations (14) and (15). 
Although the four state variables p, q, s, and u all 
reached equilibrium values at the critical state, 
the specific water volume u, did not stabilize, 
indicating either that D, should not be treated as 
a fifth state variable or that the tests were simply 
conducted too fast to achieve proper equalization 
of pore-water pressure. A consequence of this was 
that no true critical state was attained in 
undrained shear tests where v, was held constant. 

During shearing all test paths appeared to tra- 

verse a unique state boundary hypersurface 
linking the isotropic normal compression hyper- 
line to the critical state hyperline. This state 
boundary hypersurface could be defined by a 
single equation relating the four state variables. A 
possible form for the state boundary hypersurface 
was derived by assuming that constant-suction 
cross-sections of the yield surface were elliptical, 
and this assumed shape was shown to be reason- 
ably consistent with the test paths observed in the 
triaxial tests. By assuming an associated flow rule 
it was also possible to predict theoretical deviator 
stress-shear strain curves. Although the agree- 
ment between predicted and observed stress- 
strain curves was far from perfect, it was no worse 
than observed in corresponding predictions for 
saturated samples using an equivalent saturated 
critical state model. 

One major remaining area of uncertainty 
within the proposed critical state framework is 
the nature of the relationships describing the 
elasto-plastic variation of specific water volume 
v,. A knowledge of the relationships describing 
the variation of v, is necessary in order to predict 
the water inflow or outflow during any drained 
loading, but is even more important for 
undrained (constant v,,,) loading, when the soil 
response is entirely dependent on the equations 
governing v,. If the appropriate relationships 
describing the variation of v, were added to the 
proposed critical state model for unsaturated soil, 
it would be capable of predicting volumetric 
strains, shear strains and changes of water 
content for any total stress path and any drainage 
condition. 

The proposed critical state model for unsatu- 
rated soil would have possible applications at 
three different levels, as described by Wheeler & 
Sivakumar (1993) 

(a) in providing a qualitative framework that 
would enhance fundamental understanding of 
the mechanical behaviour of unsaturated soil 

(b) in guiding the choice of drained and 
undrained strength or stiffness parameters to 
be used in conventional calculations of col- 
lapse load or deformation 

(c) in providing a formalized elasto-plastic consti- 
tutive model that could be incorporated 
within numerical formulations, such as the 
finite element method, for the solution of 
boundary value problems. 

As a relatively simply qualitative framework, 
the model could, for example, be used to explain 
the pattern of ground movements observed over a 
20 year period by Charles, Burford & Hughes 
(1993) as the groundwater level rose by 34 m 
through uncompacted mudstone and sandstone 
used for backfilling a 70 m deep opencast coal 
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mine. As the wetting front rose through each 
layer of the fill in turn, the lower layers showed a 
reduction of thickness (collapse), suggesting that, 
at the high values of Q - u, relevant to these 
layers, the wetting stress path caused expansion 
of the yield surface. In contrast, as the wetting 
front moved on upwards through layers at shal- 
lower depth, these layers showed an increase of 
thickness (swelling), suggesting that the wetting 
stress path remained inside the yield surface at 
these lower values of c - u,. The elasto-plastic 
framework also suggests possible ways in which 
the substantial wetting-induced collapse settle- 
ment of the lower fill layers could have been 
reduced. For example, compacting the fill on 
placement would have pushed the yield surface 
out to an expanded position, thus reducing, or 
even eliminating, the subsequent expansion of the 
yield surface on wetting. Alternatively, placing the 
fill at a higher moisture content would have 
reduced the initial value of suction (immediately 
after backfilling), thus reducing the length of the 
wetting stress path and hence the potential mag- 
nitude of collapse. 

A common problem in using a relatively 
sophisticated constitutive model within a numeri- 
cal formulation for the solution of real boundary 
value problems is the difficulty of measuring all 
the relevant soil parameters. Even without the 
relationships for v,, the proposed critical state 
framework includes three elastic constants (IC, rc, 
and G) and six parameters that vary with suction 
(n(s), N(s), M(s), p(s), $(s) and F(s)). A future 
objective must therefore be to investigate whether 
or not it is possible to simplify the model, in 
order to make the task of measuring the relevant 
soil parameters more realistic for practical situ- 
ations of analysis or design. 
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NOTATION 
c1 cohesion 
e void ratio 

ffff 19 ZI 3, 4 
G 

G, 
P 

Pat 
PC 

P(S) 
M* 

M(s) 
N(O) 
N(s) 

functions 
shear modulus 
specific gravity of soil particles 
mean net stress [(cl + gZ + us)/3 - u,] 
atmospheric pressure 
reference pressure in model of Alonso et al. 
(1990) 
yield value of p at zero deviator stress 
value of p0 at zero suction 
critical state value of p 
deviator stress 
matrix suction (s = u, - u,) 
degree of saturation 
pore-air pressure 
pore-water pressure 
specific volume (u = 1 + e) 
specific water volume (vw = 1 + S,e) 
water content 
intercept of critical state line in v-ln (p/p,,) 
plot 
shear strain 
elastic swelling index with respect to p 
elastic swelling index with respect to s 
value of 4s) at zero suction 
slope of normal compression line in v-In 
@/Pa,) Plot 

intercept of critical state line in q-p plot 
aspect ratio of elliptical yield curve 
slope of critical state line in q-p plot 
value of N(s) at zero suction 
intercept of normal compression line in 
*In (p/p,,) plot 
total stress 
principal total stresses 
shear strength 
friction angle with respect to net stress 
(u - u,) 
friction angle with respect to suction 
slope of critical state line in v-In p plot 
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